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SPECIAL MULTISERIAL ALGEBRAS, BRAUER CONFIGURATION
ALGEBRAS AND MORE : A SURVEY
EDWARD L. GREEN AND SIBYLLE SCHROLL
Abstract. We survey results on multiserial algebras, special multiserial algebras
and Brauer configuration algebras. A structural property of modules over a special
multiserial algebra is presented. Almost gentle algebras are introduced and we de-
scribe some results related to this class of algebras. We also report on the structure
of radical cubed zero symmetric algebras.
1. Introduction
In this paper we present a brief survey of the results of [15, 16, 17, 18]. These papers
represent an attempt to generalize biserial algebras, special biserial algebras, and Brauer
graph algebras. We show that the generalizations satisfy properties that are analogous
to the properties of the algebras they generalize. Biserial, special biserial, and Brauer
graph algebras have been extensively studied, see, for example, [1, 2, 5, 7, 10, 11, 13, 14,
19, 20, 23, 25, 27, 28, 32, 31, 34] and also the survey articles [29, 30] and the references
therein.
The generalizations of these algebras are the multiserial algebras [24, 33], the special
multiserial algebras [18, 33] and the Brauer configuration algebras [15]. These algebras
are typically wild, but as our results indicate, they seem to be worthwhile algebras to
study. For proofs of the results presented in this survey, examples, and further details,
the reader is referred to [15, 16, 17, 18].
After presenting the definitions of multiserial algebras and special multiserial algebras,
we define Brauer configuration algebras and algebras defined by cycles. We then look
at how these algebras are related to each other in Theorems 2.2, 5.1, and 5.2.
Like biserial algebras, gentle algebras have received a great deal of attention, see for
example [3, 5, 6, 21, 28]. In [16] we define almost gentle algebras, a natural generaliza-
tion of gentle algebras, and show that trivial extensions of such algebras by the dual of
the algebra are Brauer configuration algebras, Theorem 7.1.
The most surprising result concerns modules over a special multiserial algebra. We
define multserial modules and show that, even though special multiserial algebras tend
to be wild, every finitely generated module over a special multiserial algebra is a mul-
tiserial module, Theorem 8.1.
There have recently been substantial advances in the classification of tame symmetric
radical cubed zero algebras [4, 12, 31]. We show that over an algebraically closed field,
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2 GREEN AND SCHROLL
every indecomposable symmetric radical cubed zero algebra is a Brauer configuration
algebra, Theorem 9.1.
Throughout this paper, K denotes a field, Q a finite quiver with vertex set Q0, and
arrow set Q1, and KQ the path algebra. We let J be the ideal in KQ generated by the
arrows of Q. We assume, for simplicity, that every algebra occurring in the survey is
of the form KQ/I with JN ⊆ I ⊆ J2, for some N ≥ 3 and rad2(KQ/I) 6= 0. We also
assume that the algebras are indecomposable as rings.
2. Multiserial and special multiserial algebras
We begin with a brief discussion of biserial algebras and special biserial algebras. Recall
that a K-algebra Λ is biserial if for every indecomposable projective left or right module
P , there are uniserial left or right modules U and V , such that rad(P ) = U + V and
U ∩ V is either zero or simple.
A K-algebra Λ is a special biserial algebra if the following two properties hold:
S1 For each arrow a ∈ Q1, there is at most one arrow b ∈ Q1 such that ab /∈ I, and
there is at most one arrow c ∈ Q1 such that ca /∈ I.
S2 For each vertex v ∈ Q0, there are at most 2 arrows starting at v and at most 2
arrows ending at v.
A third type of algebra, that is closely related, is a Brauer graph algebra which is
constructed from a Brauer graph. A Brauer graph is a 4-tuple Γ = (Γ0,Γ1, µ, o) where
(Γ0,Γ1) is a finite (undirected) graph where loops and multiple edges are permitted,
and µ : Γ0 → Z≥1 is a function, called the multiplicity function. To describe o, called
the orientation of Γ, we need a few more definitions. A vertex v ∈ Γ0 is a truncated
vertex if v is an endpoint of exactly one edge and µ(v) = 1. All other vertices are called
nontruncated vertices. The orientation o is a choice, for each nontruncated vertex v,
of a cyclic ordering of the edges having v as an endpoint. Since the construction of
a Brauer graph algebra is a special case of the construction of a Brauer configuration
algebra, we postpone the construction until later in the paper. It should be noted
that Brauer graphs and Brauer graph algebras generalize Brauer trees and Brauer tree
algebras, which appear in the study of group rings of finite and tame representation
type [22, 8, 9]. We have the following connections.
Theorem 2.1. [27, 28, 32] Let Λ = KQ/I with rad2(Λ) 6= 0. If Λ is a special bise-
rial algebra, then Λ is biserial. Furthermore, if K is algebraically closed then Λ is a
symmetric special biserial algebra if and only if Λ is a Brauer graph algebra.
One of the most important features of special biserial algebras is that their represen-
tation theory has a combinatorial framework in terms of strings and bands where the
finitely generated indecomposable modules are given by string and band modules [34].
Thus special biserial algebras are tame [34]. The algebras we now define are usually of
wild representation type.
Let Λ be a K-algebra and let M be a finitely generated Λ-module. We say that M
is left multiserial (respectively right multiserial) if there is a positive integer n and
left (respectively right) uniserial modules U1, . . . , Un, such that rad(M) =
∑n
i=1 Ui
and, if i 6= j, Ui ∩ Uj is either zero or simple. We say that Λ is multiserial if every
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indecomposable projective left or right module is left or right multiserial [15], see also
[33, 24].
We say Λ = KQ/I is special multiserial if condition (S1) holds, that is if:
For each arrow a ∈ Q1, there is at most one arrow b ∈ Q1 such that ab /∈ I, and
there is at most one arrow c ∈ Q1 such that ca /∈ I.
Since this is one of the defining properties of a special biserial algebra, a special biserial
algebra is a special multiserial algebra. The next result generalizes part of Theorem
2.1.
Theorem 2.2. [15] A special multserial algebra is a multiserial algebra.
3. Algebras defined by cycles
Before turning our attention to Brauer configurations and Brauer configuration alge-
bras, we introduce another new class of algebras, algebras defined by cycles [18].
Let Q be a quiver. A simple cycle at a vertex v is a cycle C = a1a2 · · · an in Q
where the ai are arrows, a1 starts at v, an ends at v and there are no repeated ar-
rows in C, that is ai 6= aj for all i 6= j. The cyclic permutations of C are a1 . . . an,
a2a3 · · · ana1, . . . , ana1a2 · · · an−1. A defining set of cycles is a set S of simple cycles of
length at least 1, such that
D1 if C ∈ S, then every cyclic permutation of C is in S,
D2 every arrows occurs in some C ∈ S, and
D3 if an arrow occurs in two cycles in S, then the cycles are a cyclic permutation
of each other.
Note that some of the cycles can be loops. If S is a defining set of cycles, then a
multiplicity function for S is a function ν : S → Z≥1 such that if C,C ′ ∈ S and C is a
cyclic permutation of C ′, then ν(C) = ν(C ′). Furthermore, we require that, if C ∈ S
is a loop, then ν(C) > 1. We call (S, ν) a defining pair.
If (S, ν) is a defining pair, then define I(S,ν) to be the ideal in KQ generated by all
elements of the following 3 types:
Type 1 Cν(C) − C ′ν(C′), if C,C ′ are cycles in S at some vertex v,
Type 2 Cν(C)a1, if C = a1a2 · · · am,
Type 3 ab, where a, b ∈ Q1 and ab is not a subpath of C2, for all C ∈ S such that C is
not a loop.
Definition 3.1. Let Q be a quiver, (S, ν) a defining pair on Q and I(S,ν) the ideal
defined by (S, ν). Then we call Λ = KQ/I(S,ν) the algebra defined by (S, ν) and we say
Λ is defined by cycles.
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4. Brauer configurations and Brauer configuration algebras
We now turn to Brauer configurations. A Brauer configuration is a 4-tuple of the form
Γ = (Γ0,Γ1, µ, o). The elements of the finite set Γ0 are called vertices and the elements
of Γ1 are called polygons. If V ∈ Γ1, then V is a finite multiset of vertices, that is,
the elements of V are vertices, possibly with repetitions. The function µ : Γ0 → Z≥1
is called the multiplicity function. A vertex α ∈ Γ0 is called truncated if µ(α) = 1, α
occurs exactly once in one polygon V where V = {α, β} and
(the number of total occurences of β in polygons counting repetitions) · (µ(β)) ≥ 2.
If a vertex is not truncated it is nontruncated. The orientation o is a choice, for
each nontruncated vertex α ∈ Γ0, of a cyclic ordering of the polygons that contain α,
counting repetitions.
In [15] we called the above “reduced” Brauer configurations. There are some techni-
cal restrictions imposed by the assumption that the associated Brauer configuration
algebra, (to be defined), is indecomposable. These restrictions can be found in [15].
An example will help to clarify the above definition. Suppose Γ = (Γ0,Γ1, µ, o) where
Γ0 = {1, 2, 3, 4},Γ1 = {V1, V2, V3} where V1 = {1, 2, 3}, V2 = {1, 1, 3}, V3 = {2, 3}
and V4 = {2, 4}. Let µ(i) = 1, for i = 1, . . . , 4. The only truncated vertex is 4. The
orientation o is a choice for each nontruncated vertex of an ordering of the polygons that
contain the vertex. For example, for 1, the ordering might be V1 < V2 < V3 < V2(< V1)
with the last inequality because it is a cyclic ordering. Any cyclic permutation, for
example, V2 < V3 < V2 < V1(< V2) is considered the same ordering. On the other
hand, the ordering at 1 could also have been chosen to be V1 < V2 < V2 < V3(< V1)
which yields a different configuration.
A Brauer configuration is a generalization of a Brauer graph since every Brauer graph
is a Brauer configuration with the restriction that every polygon is a set with 2 vertices.
There are “realizations” of a Brauer configuration obtained by attaching actual poly-
gons to the elements in Γ1 with the vertices of the polygon labelled by the appropriate
elements of Γ0. Then one identifies vertices of the actual polygons that have the same
label. Another way to realize a Brauer configuration is as a hypergraph where the set
of vertices is given by Γ0 and where Γ1 corresponds to the set of hyperedges [16].
We now define the Brauer configuration algebra ΛΓ associated to a Brauer configuration
Γ = (Γ0,Γ1, µ, o). The quiver QΓ of ΛΓ has vertex set Γ1. If Γ1 = {V1, . . . , Vn}, we
write (QΓ)0 = {v1, . . . , vn} to distinguish between the polygons in Γ and the vertices
in QΓ. For every nontruncated vertex α ∈ Γ0, there is a cyclically ordered sequence of
polygons containing α given by the orientation o. For each nontruncated α ∈ Γ0, we
view the ordered sequence of polygons as a simple cycle Cα in QΓ. If α, β ∈ Γ0 are
nontruncated with α 6= β, then we require that Cα and Cβ have no arrows in common.
Note that if α is in exactly one polygon V and µ(α) > 1, then Cα is a loop at v in QΓ.
The arrow set of QΓ are exactly the arrows occuring in the Cα, for α a nontruncated
vertex in Γ. Set S = {Cα | α a nontruncated vertex in Γ}. Define ν : S → Z≥1 by
ν(Cα) = µ(α), where, on the right hand side, µ is the multiplicity function of Γ. It is
easy to see that (S, ν) is a defining pair.
The Brauer configuration algebra ΛΓ associated to Γ is the algebra KQΓ/I(S,ν) defined
by (S, ν). This description of ΛΓ is slightly different than the original description given
in [15] but both yield isomorphic algebras.
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5. Connection results
The following results connect all the algebras.
Theorem 5.1. [17, 18] Let K be an algebraically closed field and let Λ = KQ/I with
rad(Λ)2 6= 0, be a symmetric K-algebra. Then the following statements are equivalent.
(1) Λ is a symmetric special multiserial algebra.
(2) Λ is defined by cycles.
(3) Λ is a Brauer configuration algebra.
Another result generalizing a result about special biserial algebras [34] is the following.
Theorem 5.2. [18] Let K be a field. Every special multiserial K-algebra is a quotient
of a symmetric special multiserial K-algebra.
6. Examples
Example 6.1. Let Q be the quiver
v2
v3
v1
a1
a2
a3
b1
b2
b3
c1
c2
c3
Let S consist of the following cycles and their cyclic permutations.: a1a2a3, b1b2b3, c1c2c3
and define ν : S → Z≥1 by ν ≡ 1. We see that (S, ν) is a defining pair. Let Λ be de-
fined by (S, ν). In particular, a generating set for the ideal of relations for Λ is given
in Section 3. By Theorem 5.1, Λ is a Brauer configuration algebra and a special mul-
tiserial algebra. The Brauer configuration is Γ = (Γ0,Γ1, µ, o) where Γ0 = {1, 2, 3},
Γ1 = {V1, V2, V3} with V1 = {1, 1, 2}, V2 = {2, 3, 3}, and V3 = {1, 2, 3}. The multiplica-
tion function µ is identically 1 and the orientation is given below.
A realization of the Brauer configuration is
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1
2
3
V1
V3
V2
with clockwise orientation at each vertex.
Example 6.2. Let the quiver be
v1
v2
v3 v4
v5
c1
c2
b1 b3
b2
a2
a1d
Let S be the set of simple cycles consisting of all the permutations of the cycles
a1a2, b1b2b3, c1c2, d with ν : S → Z≥1 defined by ν(a1a2) = 1 = ν(b1b2b3) = ν(c1c2),
and ν(d) = 2. We see that (S, ν) is a defining pair. Take Λ to be the algebra defined
by (S, ν).
One can check that Λ is isomorphic to the Brauer configuration algebra associated
to the Brauer configuration Γ = (Γ0,Γ1, µ, 0) with Γ0 = {1, 2, 3, 4, 5, 6, 7}, Γ1 =
{V1, V2, V3, V4, V5} with V1 = {1, 2, 3}, V2 = {1, 4}, V3 = {2, 5}, V4 = {2, 6}, V5 = {3, 7}.
The multiplicity function is 1 for all vertices except for vertex 7 where µ(7) = 2. We see
that vertices 4,5,6 are the truncated vertices. The orientation is given by the clockwise
ordering of the polygons at each nontruncated vertex in the realization of the Brauer
configuration below.
A realization of the Brauer configuration is:
V1
V2
V3 V4
V5
1
2
3
4
5 6
7
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7. Almost gentle algebras
Recall that an algebra Λ = KQ/I is gentle if it is special biserial, that is if (S1) and
(S2) hold, and if additionally S2op holds, that is for any arrow a there exists at most
one arrow b such that ab ∈ I and at most one arrow c such that ca ∈ I and if I is
generated by paths of length 2.
An obvious way to generalize the notion of a gentle algebras is: An algebra Λ = KQ/I
is almost gentle if it is special multiserial and if I can be generated by paths of length
2.
A characterisation of gentle algebras is through the trivial extension by their minimal
injective co-generator. That is, an algebra A is gentle if and only if the trivial extension
T (A) = AnHomk(A, k) is special biserial [26].
We have the following results.
Theorem 7.1. [16] If A is an almost gentle algebra then T (A) is a symmetric special
multiserial algebra and hence it is isomorphic to a Brauer configuration algebra. If T (A)
is isomorphic to the Brauer configuration algebra associated to the Brauer configuration
Γ = (Γ0,Γ1, µ, o), then µ ≡ 1.
There is a converse. Let Λ = KQ/I be a symmetric special multiserial algebra. Then
by Theorem 5.1, there is a defining pair (S, ν) such that Λ is defined by (S, ν). Assume
that ν ≡ 1. We say a set of arrows D is an admissible cut if D consists of one arrow
for each permutation class of cycles in S. Let Q̂ be the quiver obtained from Q by
removing the arrows in D. Let Î be the ideal I ∩KQ̂.
Theorem 7.2. [16] Let Λ = KQ/I be a symmetric special multiserial algebra viewed as
an algebra defined by cycles with defining pair (S, ν) where ν ≡ 1. Keeping the notation
of the previous paragraph, let D be an admissible cut in Q. Then KQ̂/Î is an almost
gentle algebra.
If A is an almost gentle algebra, then there is an admissible cut in T (A) such that the
construction above yields an algebra isomorphic to A. Moreover, if Λ is a symmetric
special multiserial algebra (with ν ≡ 1) and D an admissible cut, then T (KQ̂/Î) is
isomorphic to Λ. The proofs of these results are found in [16].
8. Representations of multiserial algebras
As mentioned earlier, special multiserial algebras are typically wild. Thus, it is surpris-
ing that there is a structural result about all finitely generated modules over such an
algebra. Recall that a left (respectively, right) finitely generated module is multiserial
if it is left multiserial (respectively, right multiserial), that is if rad(M) as a left (resp.,
right) module is a sum of uniserial modules that intersect pairwise in the zero module
or in a simple module.
Theorem 8.1. Let A be a special multiserial K-algebra, and M an indecomposable
finitely generated left (respectively, right) A-module. Then M is multiserial.
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9. Radical cubed zero
In this section we present some results about symmetric algebras with the condition
that their Jacobson radical cubed is zero. The proof of the next result requires an
algebraically closed field.
Theorem 9.1. [17] Let K be an algebraically closed field and let A = KQ/I be a finite
dimensional basic indecomposable K-algebra. Suppose that A is symmetric and that
rad3(A) = 0 but rad2(A) 6= 0. Then A is isomorphic to a Brauer configuration algebra.
It is well-known that there are equivalence relations on symmetric matrices with non-
negative integer entries, as well as on finite undirected graphs, such that there is a one-
to-one correspondence between the respective equivalence classes, see [15] for details. To
each equivalence class one can associate a radical cubed zero symmetric algebra. Now
consider the radical cubed zero Brauer configuration algebras with Brauer configuration
Γ = (Γ0,Γ1, µ, o) that satisfy the following 2 properties:
(1) there are no repeated vertices occurring in any polygon in Γ1,
(2) if α ∈ Γ0 then either α is in exactly one polygon and µ(α) = 2 or α is in exactly
two polygons and µ(α) = 1.
We show that there is an equivalence relation on radical cubed zero Brauer configuration
algebras with properties (1) and (2) such that the equivalence classes are in one-to-
one correspondence with the radical cubed zero symmetric algebras associated to the
equivalence classes of finite graphs [15].
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